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The spontaneous motion of small drops suspended in an immiscible viscous fluid,
when an exothermal reaction occurs on their interfaces, has been studied. The heat of
reaction results in an elevation of temperature on the drops’ interfaces and in the
external fluid. The concentration and temperature in the gap region become different
from those in the outer regions. The inhomogeneous distribution of concentration and
temperature induces surface tension variations, Marangoni type flow and migration of
the fluid particles relative to each other. Cases studied concern two drops interaction
due to thermocapillary forces induced by temperature field, the addition of a gravity
field and the mutual effect of thermocapillary forces induced simultaneously by temper-
ature and concentration. Results are presented for a variety of the governing parame-
ters of the system. Stationary flow patterns with immobile drops configurations are pre-
dicted, which appear to be unstable for small perturbations. � 2007 American Institute of

Chemical Engineers AIChE J, 53: 2783–2794, 2007
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Introduction

Heat and mass transfer processes significantly influence
the hydrodynamic interaction of drops and bubbles in noniso-
thermal multiphase systems. When a bubble or a drop is
placed in a fluid in which the temperature or concentration
of dissolved species change from one place to another, such
variations can be expected at the interface. The consequence
is a variation of the local tension on the surface. This varia-
tion causes a tangential surface traction from the lower ten-
sion region toward regions with higher interfacial tension,
which results in motion on both sides of the interface and a
net migration of the drop or the bubble toward the heat or
species source may occurs. We refer to this motion, induced
by either temperature or concentration gradients, as a thermo-
capillary or Marangoni migration.

An early work describing thermocapillary migration that
was induced by an external heat source was reported by
Young et al.1 They showed that bubbles could be held fixed
against buoyant rise, and even move downward, by the
application of a vertical temperature gradient. They also pro-
vided a theoretical description for the motion of a single
bubble under conditions where inertial forces and convective
transport of energy are negligible. Further theoretical treat-
ments of the isolated bubble problem have been given by
Bratukhin2 who attempted to improve upon the solution of
Young et al.1 by a regular perturbation scheme in the Maran-
goni number, so as to include effects of inertia and shape de-
formation. In the following decades, extensive study of the
thermocapillary migration of drops and bubbles was per-
formed, stimulated by its importance for space applications.
The results of Young et al.1 were extended to the case of
viscous drops, arbitrary external temperature field, thermoca-
pillary migration in the presence of other neighboring inclu-
sion, and external boundaries. The review article by Subra-
manian3 and the book by Subramanian and Balasubramaniam4
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contain comprehensive review of the available literature on
the subject.

Levich5 developed a consistent theoretical model describ-
ing Marangoni motion of drops and bubbles induced by the
gradients of surfactants concentration. He showed that these
gradients are not necessarily imposed externally, but they
can appear locally, in a fluid, which has uniform concentra-
tion far from the drop, and can be brought about by the
motion itself, thus displaying the feedback between the trans-
port processes and hydrodynamics. LeVan and Newman6

have studied the effect of dilute soluble surfactants on termi-
nal velocity of the drop. In contrast to temperature, concen-
tration of surfactants strongly affects not solely surface ten-
sion but also mobility and other rheological properties of the
interface.

Davis and Acrivos7 proposed a model for the creeping
motion of a bubble contaminated by an ‘‘insoluble’’ surface-
active agent, and Sadhal and Johnson8 examined the creeping
flow due to the motion of a liquid drop or a bubble in
another immiscible fluid when the interface was partially
covered by a stagnant layer of a surfactant. A stagnant layer
model assumes that the interface becomes absolutely unmov-
able when the surfactant concentration reaches its saturation
value, while for smaller concentration the mobility is not
affected. Another popular model is a Newtonian interface
introducing shear and dilatational surface viscosity. Maran-
goni migration of a drop with Newtonian interface was stud-
ied by LeVan.9 A general model taking into account adsorp-
tion–desorption kinetics, surface diffusion, and convection of
the surfactants can be found in Edwards et al.10

Ryazantsev11 has shown that the nonuniformity of fluid
flow around a chemically reacting droplet generates, due to
convective effects, a nonuniform heat flux at the droplet
interface. This induces surface tension gradients, which
substantially affect the drag force acting on the droplet.
The effect of convection can be significantly strong and
lead to the appearance of a traction force and to a sponta-
neous drift of the droplet even against body forces. This
work is another demonstration of selfinduced surface ten-
sion gradients.

Surface tension gradients causing motion of drops and
bubbles can also appear in the course of interphase mass and
heat transfer as a result of a geometric nonuniformity of the
system. For instance, when two adjacent drops are not in
thermal equilibrium with the fluid in which they are sus-
pended heat is transferred across the interfaces into the bulk
and the process results in an elevation of the temperature in
the gap between the two drops. Since the temperature in the
gap between the drops is higher than in other regions on
the drops surfaces, the surface tension there is lowered. The
resulting surface tension gradients induce a motion of the
surrounding fluid out of the gap, thus forcing the drops to
approach each other. When the transfer of heat or mass is
from the continuous phase into the dispersed one, the surface
tension gradients are directed oppositely, which lead to a
repulsion of the droplets. This mechanism was first suggested
and studied by Golovin et al.12 Golovin13 demonstrated that
similar interaction induces a thermocapillary migration of
solid particle. The results of further investigation of the spon-
taneous thermocapillary interaction of bubbles and drops are
summarized in Lavrenteva et al.14

A celebrated method of solving problems involving two
spherical fluid particles is to express the relevant flow and
conservation fields via the use of bispherical coordinate sys-
tem. One of the early such works describing the slow viscous
hydrodynamic interaction between two spherical solid par-
ticles was reported by Stimson and Jeffery.15 This study was
generalized by Haber et al.,16 who studied the velocity fields
for two drops. Other studies on the interactions between two
spherical drops or bubbles, or among a chain of spherical
drops or bubbles, undergoing thermocapillary migration were
performed by Meyyappan et al.,17 Meyyappan and Subrama-
nian,18 and Keh and Chen.19

When the nonuniform temperature or concentration distri-
butions are caused by a nonisothermal chemical reaction on
the surface of the bubble or drop, the appearance of the tem-
perature gradients and the thermocapillary traction associated
with it are expected to be a consequence of both the reac-
tants concentration and the reaction temperature distributions.
The chemical reaction can cause a combined effect of non-
uniform temperature and concentration distributions, which
will affect simultaneously the driving force for drop migra-
tion. These forces can work with or against each other and
thus can cause different motion patterns. This subject, as
well as the dynamic interaction of two drops due to chemical
reaction has not yet been thoroughly investigated.

The goal of the present work is to study the dynamic inter-
action of two drops at an arbitrary nonzero separation dis-
tance due to an exothermic chemical reaction, which takes
place on their surfaces. We note parenthetically that the
approach taken is this article applies equally to an endother-
mic surface reaction, however, with an induced reverse dy-
namics. We begin by studying the spontaneous motion of
two drops in the absence of the gravity force. The driving
force for the motion of the drops is a surface tension gradi-
ent, which is created solely by the temperature gradient, an
outcome of the reaction rate that occurs on the surface. We
further consider the simultaneous effect of this thermocapil-
lary force and gravity field. Finally, the simultaneous effect
of reaction temperature and concentration of the reactants on
the driving force and the resulting flow patterns is examined.

Problem Formulation

Assume a system containing two drops of equal size and
of the same material submerged in an immiscible unbounded
fluid which is quiescent and has a uniform constant tempera-
ture, T̂1, and a uniform constant solute concentration of spe-
cies A, Ĉ1, at infinity. Species A approaches each of the
drops surfaces by diffusion and reacts with species B, which
reaches the surface from inside the drops.

The chemical reaction is of the form A 1 B ? C. It is
assumed to be exothermic and its rate is proportional to the
concentration of each reactant. Because of the interaction
between the drops, the concentration of species A on the sur-
face of each one is not uniform. This generates a nonuniform
reaction rate and, thus, a temperature gradient appears on the
surface of the drops. This gradient becomes the driving force
for the motion of the drops relative to each other since it cre-
ates a surface tension gradient on the interfaces.

We assume that the cores of the drops have the same con-
centration of species B and that the latter does not change
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significantly during the characteristic time of the drops’
motion. The diffusion coefficient inside the drops is assumed
to be large so that the concentration there is uniform and B
is immediately available to the surface. Under these assump-
tions the reaction can be considered as a first order reaction
with Ĉ referring to the concentration of species A. We fur-
ther assume that species C, produced by the reaction,
migrates instantaneously from the surface and does not affect
surface properties.

The basic equations that describe the problem include the
dynamic heat and mass balances for the transport of heat and
mass inside the drops and in the surrounding domain and
momentum balances for the Newtonian fluids.

It is supposed further that the concentration and tempera-
ture do not affect any physical properties of the liquids
in the bulk and at the interfaces except for the interfacial
tension which is considered to depend linearly on the tem-
perature, ĉ ¼ ĉ0 þ @ĉ

@T̂
T̂ � T̂1
� �

. In the last section the interfa-
cial tension is assumed to depend simultaneously on the
temperature and the concentration of species A, ĉ ¼ ĉ0
1þ @ĉ

@T̂
T̂ � T̂1
� �� �

1þ @ĉ
@Ĉ

Ĉ� Ĉ1
� �� �

, where @ĉ
@T̂

and @ĉ
@Ĉ

are

constant and typically negative. In what follows, the index i
5 1 and 2 distinguishes between the drops and the ambient
fluid. Thus, X1

and X2 are the domains occupied by the dis-
persed and continuous phases, respectively.

The system is rendered nondimensional by using the fol-

lowing typical dimensions: â for length, Û ¼ @ĉ
@T̂

��� ��� T̂1l̂2 for ve-

locity, T̂1 for temperature, Ĉ1 for concentration,
l̂2Û
â for

pressure, ĉ0 for surface tension, and â
Û
for the time. Here â is

the drop radius, T̂1 and Ĉ1 are the temperature and concen-
tration of species A at infinity and l̂i ði ¼ 1; 2Þ denote the
viscosity of the inner and outer fluids, respectively.

We suppose that the reference interfacial tension corre-
sponding to the temperature and concentration far away from
the drops, ĉ0, is sufficiently large to preserve the spherical
shape of the drops. We further suppose that, at any moment,
the motion is sufficiently slow, inertia effects are negligible,
and the Stokes-approximation holds. The velocities of the
drops, as yet unknown, should be found from the condition
that the total force acting on each drop is zero. It is assumed
that both Péclet numbers in terms of mass and heat transfer
(PeiT ¼ â�Û

âi
, PeC ¼ â�Û

D̂
, where D̂ and âi denote diffusivity and

thermal diffusivity in the phase i, respectively) are zero,
which means that diffusion and conduction are the governing
transport mechanisms while convective effects are negligible.
These assumptions bring forward the analyzed effect, i.e. the
induction of drop dynamics by the presence of surface chem-
ical reaction, yet help reducing the number of physical pa-
rameters without altering the phenomenon qualitatively.

Under the assumptions that were described above we
obtain the following dimensionless system of equations
describing the problem:

r2C ¼ 0; x 2 X2; (1)

while for i 5 1, 2

r2Ti ¼ 0; x 2 Xi; (2)

lir2vi �rPi ¼ 0; x 2 Xi; (3)

r � vi ¼ 0; x 2 Xi: (4)

Here li ¼ l̂i
l̂2

with l2 5 1 and l1 5 k.
Notice that in the absence of inertia and convective trans-

port the equations become linear and can be solved analyti-
cally. Moreover, the heat and mass balances and the momen-
tum equations are partly decoupled. The concentration can
be determined for each configuration independently from the
temperature and velocity fields. Nevertheless, the coupling of
the system is retained via the heat production by surface
chemical reaction as well as via the dependence of the inter-
facial tension on the temperature and concentration of spe-
cies A. Moreover, a complicated dependence of the induced
velocities on the geometry (separation between the drops)
preserves the nonlinear nature of the dynamics of the inter-
acting drops.

The appropriate boundary conditions are of the form:

rC � n ¼ /2C; x 2 C; (5)

where G denotes the interface between two phases and /
stands for Thiele modulus / ¼ â

ffiffiffî
k
D̂

q� �
.

C ¼ 1; xj j ! 1: (6)

LB C ¼ rT1 � n� jrT2 � n; x 2 C; (7)

where LB ¼ k̂� k̂ Ĉ1
ĵ1 T̂1

and j ¼ ĵ2
ĵ1
. Here, ĵ1 and ĵ2 are the thermal

conductivities of the inner and outer fluids respectively, k̂ is
the reaction rate, k̂� is the latent heat of the reaction and n is
a unit vector normal to the drop surface pointing outward.

T1 ¼ T2 ; x 2 C; (8)

T2 ! 1 jxj ! 1; (9)

T1 is finite everywhere; (10)

v1 ¼ v2; x 2 C; (11)

n � s2 � s1ð Þ � t ¼ @c
@t

; x 2 C; (12)

where t is a unit vector tangential to the surface, s1, s2 are
the inner and outer stress tensors, respectively.

Methods of Solution

A natural description choice for the system of two non-
touching spherical bodies is the three dimensional bispherical
coordinate system (a, b, and u) conjugate to the cylindrical
coordinates q, z and u (see Figure 1), defined by the mapping
zþ iq ¼ ic cot aþib

2
or q ¼ c sin a

cosh b�cos a , z ¼ c sinh b
cosh b�cos a, where 2c

denotes the distance between the poles (see e.g. Lebedev20).
For equal size drops, the interface of the leading droplet on
the right is described by the coordinate surface b 5 b0 [ 0
and the interface of the second trailing droplet corresponds
to b 5 2b0 \ 0. The drop’s dimensionless radius is given
by c

sinhb0
. Since the normalized radius is equal to 1, we have

c ¼ sinh b0 and the separation distance between the drops is
d ¼ 2ðcosh b0 � 1Þ.

In this coordinate system, the Laplace equation has the
form20:
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@

@a
sin a

coshb� cos a
@C

@a

� �
þ @

@b
sin a

cosh b� cos a
@C

@b

� �

þ 1

cosh b� cos að Þ sin a
@2C

@u2
¼ 0:

In view of the axial symmetry of the problem and the lack
of dependence on u, the @2C

@u2 term is set to zero.
The general solutions for the concentration and tempera-

ture profiles are given by (see, e.g. Lebedev20):

C ¼ 1þ cosh b� gð Þ1=2
X1
n¼0

Un bð ÞPn gð Þ; (13)

T1 ¼ coshb� gð Þ1=2
X1
n¼0

V �1ð Þ
n bð ÞPn gð Þ; (14)

and

T2 ¼ 1þ cosh b� gð Þ1=2
X1
n¼0

V 2ð Þ
n bð ÞPn gð Þ: (15)

In the above expressions Pn gð Þ are Legendre polynomials
and g ¼ cos a, while the functions Un, Vð�1; 2Þ

n are of the
form:

Un ¼ Hn cosh nþ 1

2

� �
b

� �
þ In sinh nþ 1

2

� �
b

� �
;

V �1ð Þ
n ¼ D�

n cosh nþ 1

2

� �
b

� �
þ E�

n sinh nþ 1

2

� �
b

� �
;

and

V 2ð Þ
n ¼ Fn cosh nþ 1

2

� �
b

� �
þ Gn sinh nþ 1

2

� �
b

� �
;

where the latter two correspond to the inner and outer tem-
perature distributions, and the superscripts 61 correspond to
the leading and trailing drops, respectively.

The expressions (13) and (15) satisfy the boundary condi-
tions at infinity (boundary conditions (6) and (9)). Substitut-
ing the solutions for the concentration and for the tempera-
ture into the appropriate boundary conditions ((5) for the
concentration and (7), (8) for the temperatures) we arrive at
the infinite systems of linear equations for the coefficients
Hn, Dn, and Fn:

en�1Hn�1 � en0Hn þ enþ1Hnþ1 ¼ /2
ffiffiffi
2

p
exp � nþ 1

2

� �
b0

	 

;

(16)

�gn�1 � Dn�1 þ gn0 � Dn � gnþ1Dn

¼ un þ LB Hn cosh nþ 1

2

� �
b0

� �
ð17aÞ

Fn ¼
Dn �

ffiffiffi
2

p� �
exp � nþ 1

2

� �
b0

� �
cosh nþ 1

2

� �
b0

� � : (17b)

Note that, due to the fore-and-aft symmetry of the problem
we obtain that Dþ

n ¼ D�
n ¼ Dn and In ¼ Gn ¼ 0 for all n,

while, from the requirement (10), it follows that
D�

n � E�
n ¼ 0. The coefficients e n

�1;0; g
n
�1;0 and un are given

in the Appendix.
The system (16) and (17) is solved as proposed by

Meyyappan et al.17,18 and Keh and Chen.19 It is truncated
and solved repeatedly to ensure convergence within a given
degree of accuracy. The size of the remaining series depends
on the desired accuracy and on the separation distance
between the drops.

In the bispherical coordinate system, the axi-symmetric
flow fields in the continuous fluid and inside the drops are
described by the dimensionless Stokes equations:

E2 E2w �1;2ð Þ
� �

¼ 0: (18)

with E2 ¼ h @
@b h @

@b

� �
þ 1� l2ð Þ @

@l h @
@l

� �h i
.

Here, the stream function w is described by: ub ¼ h
q
@w
@a ;

ua ¼ � h
q
@w
@b and the metric coefficient, h ¼ coshb�cos a

c . There

should be no fluid flow at infinity and the velocities of the fluid

inside the drops should be bounded, hence, w 2ð Þ

q2 ¼ 0@

b ¼ 0; a ¼ 0 and w �1ð Þ

q2 < 1
The continuity of surface velocity obtains the forms:

w �1ð Þ ¼ w 2ð Þ; b ¼ �b0; (19a)

@w �1ð Þ

@b
¼ @w 2ð Þ

@b
; b ¼ �b0; (19b)

while the values of the streamfunction on the undeformable
interfaces become

w 2ð Þ ¼ �V b0;�b0ð Þ sin2 a
2h2

: (19c)

Here V b0;�b0ð Þ are yet unknown projections of the dimension-
less velocity of the drops on the z-axis.

The remaining boundary condition, which links the tem-
perature and the velocity fields, is the balance of the tangen-
tial stresses at the interfaces of the drops (Eq. 12).

Figure 1. Bispherical coordinate system connected
with the pair of drops.
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This balance, in bispherical coordinate system, gives:

r 2ð Þ
ba � r �1ð Þ

ba ¼ �h
@c
@a

; b ¼ �b0; (20)

where rba is the tangential component of the viscous stress
tensor

rba ¼ l h
@ub
@a

þ @ua
@b

� �
þ 1

c
ua sinhbþ ub sin a
� �	 


:

The general solution for Eqs. 18a,b was found by Stimson
and Jeffery15:

w ið Þ ¼ coshb� gð Þ�3=2
X1
n¼1

W ið Þ
n bð Þ C�1=2

nþ1 gð Þ; i¼�1; 2: (21)

Where, C
�1=2
nþ1 lð Þ are the Gegenbauer polynomials of order n

1 1 and degree 21/2. In (21)

W �1;2ð Þ
n ¼ J �1;2ð Þ

n cosh n� 1

2

� �
b

� �
þK �1;2ð Þ

n sinh n� 1

2

� �
b

� �

þ L �1;2ð Þ
n cosh nþ 3

2

� �
b

� �
þM �1;2ð Þ

n sinh nþ 3

2

� �
b

� �
;

:

Combining expressions (19), (20), and (21) we obtain:

X1
n¼1

d2W 2ð Þ
n

db2
� k

d2W �1ð Þ
n

db2

� �
C
�1=2
nþ1 gð Þ

¼ � c2 1� g2ð Þ
cosh b� gð Þ1=2

@T

@g
þ 1� kð ÞV �b0ð Þc2 1� g2

� �

� 3

8

sinh2 b

cosh b� gð Þ5=2
þ 1

4

coshb

coshb� gð Þ3=2
 !

: ð22Þ

The motion of the drops is the outcome of two opposite
forces acting on each droplet. The Marangoni force, the first
term on the right hand side of Eq. 22, is the result of the
temperature gradient on the surface of each drop, which
causes a surface tension gradient. This surface tension gradi-
ent causes the drift of the drops toward each other. The sec-
ond force, resulting from the second term on the right hand
side of (22), which works against the Marangoni force, is the
Stokes resistance.

Under the quasi equilibrium assumption, the summation of
the two forces should be zero so that the total force acting
on each drop vanishes.

This force is being calculated following the expression
derived by Stimson and Jeffery15:

F �b0ð Þ ¼ 2
ffiffiffi
2

p
p

c

X1
n¼1

J 2ð Þ
n � K 2ð Þ

n þ L 2ð Þ
n �M 2ð Þ

n

� �
¼ 0 (23)

We further examine the combined effect of gravity and
thermocapillarity. To find the drops velocities, one has to
modify the conditions (23) and equate the new viscous forces
acting on the drops to the mass forces. Golovin et al.12 have
suggested different scaling for the velocity in this case,
namely, the characteristic velocity of the drop motion driven
by buoyancy: Dq̂ĝâ2

l̂ 2ð Þ , where Dq̂ is the density difference
between the drops and the continuous phase and ĝ is the
acceleration of gravity. In this case, Eq. 22 becomes:

X1
n¼1

d2W 2ð Þ
n

db2
� k

d2W b0;�b0ð Þ
n

db2

� �
C
�1=2
nþ1 lð Þ

¼ � c2 1� g2ð Þ
cosh b� gð Þ1=2

m
@T

@g
þ 1� kð ÞV b0;�b0ð Þc2 1� g2

� �

� 3

8

sinh2 b

cosh b� gð Þ5=2
þ 1

4

coshb

coshb� gð Þ3=2
 !

: ð24Þ

where, m ¼ �@ĉ
@T̂
T̂1

Dq̂ĝâ2 ¼ Ma1
Arð Þ Scð Þ is the parameter characterizing

the influence of the surface tension forces on the gravity-

induced motion; Ma1 ¼ �â@ĉ
@T̂
T̂1

l̂ð2ÞD̂
is a modified Marangoni num-

ber, associated with surface tension gradients resulting from
temperature variations rather than concentration changes,

Ar ¼ Dq̂ĝâ3

l̂ð2Þ m̂ is the Archimedean number, and Ac ¼ m̂
D̂

is the

Schmidt number. Note that in most cases involving heavy
drops, for which Dq̂ > 0, m, and Ma1 obtain positive values

since for most materials @ĉ
@T̂

is negative.

Results and Discussion

Motion of two equal drops due to the effect of a
temperature gradient induced by a surface
exothermic reaction

The concentration and temperature profiles on the surfaces
of the drops in the case of a surface exothermic chemical
reaction (calculated using Eqs. 13–15 with the coefficients
given in (17), (18)) are presented in Figures 2 and 3. Because
of the for-and-aft symmetry with respect to the plane z 5 0
these profiles are depicted on the surface of the leading drop
only. It can be seen that, when the distance between the
drops is small, the concentration and temperature profiles

Figure 2. Concentration profiles on the surface of the right drop for various distances between the drops’ surfaces,
d: /2 5 1; j 5 1;LB 5 1.
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obtain considerable gradients on the surface of each drop.
When the distance between the drops becomes larger, the
mutual effect of the drops diminishes and the distributions of
concentration and temperature on the surface of the drops
become similar to those observed on a single isolated drop.

The lower value of the concentration is located in the gap
between the drops since the rate of diffusion of species A to
the gap is slower than to other regions on the surface and
hence the reaction rate in that region is slower than in other
regions. Despite of this lower production of heat in the gap,
for this choice of parameters, the temperature has the oppo-
site tendency; the higher value is located in the gap between
the drops since the removal of heat in that area is poor com-
pared to that at the rest of the drop surface.

Iso-concentration and iso-temperature contours are pre-
sented in Figures 4 and 5. Both figures show closed contours
around each drop that spread out when the distance is very
small. The figures emphasize again the difference between
large and small separation distances between the drops.
While for large separation distance the concentration and
temperature on the surface of each drop are almost constant
and, hence, the reaction rate and temperature are almost uni-
form, noticeable variations in the concentration and tempera-
ture profiles appear when the separation distance is smaller.
Figure 5 reveals also the change of temperature inside the
drops.

The model and calculations predict that the main result of
the nonuniform temperature distribution is manifested in the
drops approaching each other. Figure 6 shows the influence
of the different parameters of the system on the approach ve-
locity of the upper drop. All four figures show a similar tend-
ency, where the velocity increases to a maximum value at an
‘‘optimal’’ separation distance, which is a function of the

governing parameters. For large separation distances the ve-
locity decreases to zero since the mutual effect of the drops
vanishes and there are no surface tension gradients and thus
no driving force for the motion. For distances that are shorter
than the optimal separation distance the viscous resistance to
the motion induced by the Marangoni forces increases and
this results in a velocity decrease.

In Figure 6a the dependence of the approach velocity on
the viscosity ratio between the inner and outer fluids (k ¼ l1

l2
)

is presented. For small values of k, the viscosity of the outer
fluid is higher than the viscosity of the inner fluid and hence
the fluid particle is closer to a bubble. In this case the loss of
energy is smaller and we observe higher velocity than for
cases with larger k values. When k has high values, the vis-
cosity of the outer fluid is lower and the fluid particle resem-
bles a rigid sphere. In this case the energy lost inside the
drop is important and we observe smaller velocity values.
The effect of Thiele modulus on the velocity of the drops
(Figure 6b) shows that for small values of Thiele modulus
(smaller than O(1)), the diffusion rate of species A to the
surface is relatively high and thus more heat is produced in
the gap between the drops which results in high temperatures
and temperature variations on the surfaces of the drops and
higher value of the velocity. For higher Thiele modulus val-
ues, the diffusion rate decreases and the total effect consider-
ably diminishes.

The parameter LB represents the ratio between the heat
production rate and the rate of heat transfer by conduction
inside the drops. Its influence on the drop velocity is given
in Figure 6c. For small values of LB, the heat production is
low or the heat transfer is relatively high, which results in
almost uniform low temperature on the surface and hence the
approach velocity of the drops is very low. For higher LB

Figure 3. The influence of the distance, d, between the drops surfaces on the interfacial temperature profile of the
right drop: /2 5 1; j 5 1; LB 5 1.

Figure 4. Iso-concentration lines of the concentration field around the upper drop for various distances between
the drops: /2 5 1;j 5 1;LB 5 1.
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values, the heat production is augmented, the temperature
variation on the surface increases and the velocity of the
drops attain higher values. The effect of the inner and outer
thermal conductivity ratio (j ¼ j2

j1
in Figure 6d) is similar to

the effect of the LB parameter.
In Figure 7 we depict the dependence of the optimal sepa-

ration distance (the separation distance in which the velocity
of the drops obtains its maximum value) on the different pa-
rameters of the system. The curves in Figure 7 are calculated
for all parameters but one equal to unity. It can be seen that
for all the parameters the value of the optimal separation dis-
tance increases as the value of the parameter increases.

Golovin et al.12 have showed that in the case of a surface ten-
sion gradient which is the outcome of a concentration variation
on the surface of the drop that results from a cross surface trans-
port, the maximum approach velocity value at separation dis-
tance of 0.3 is � 0.012 for the case k 5 1. These values agree
well with the range of our results shown in Figures 6 and 7 in
spite of the different process causing the gradients on the surface,
i.e. a surface reaction resulting from diffusion to the surface.

Flow pattern (streamlines) for the system of the two drops
is presented in Figure 8. As expected, the drops approach

each other when the heat transfer is the outcome of the exo-
thermic reaction.

It is interesting to examine the relevance of the above
results to practical systems. We next consider a physical
two-phase system by estimating the approach velocity of the
spontaneous motion of two drops of aqueous solution of the
viscosity l̂1 ¼ 1:002 � 10�3 N�sec

m2 that are suspended in silicone
oil of the viscosity l̂2 ¼ 0:102 N�sec

m2 . Consider two drops hav-
ing 1-mm radius each and 1-mm separation distance. Sup-
pose that the drops undergo an exothermal chemical reaction
of the first order in which the latent heat is, say,
1:4644 � 108 J

Kgmol and the reaction rate coefficient is

k̂ ¼ 0:1254 1
sec. We let @ĉ

@T be � 1:87 � 10�4 N
m�0C, the diffusion

coefficient of small molecular solutes in the outer fluid be
D ¼ 5 � 10�9 m2

sec, and the thermal diffusivities of the outer
and inner fluids be estimated by â1 ¼ 2:351 � 10�7 m2

sec and
â2 ¼ 1:4376 � 10�7 m2

sec, respectively. Under these conditions
we obtain that the migration velocity equals 1:867 10�5 m

sec.
With this speed, the Péclet numbers in this case become
PeT ¼ 1:33 � 10�3 ; PeC ¼ 0:03734, the Reynolds number
becomes Re ¼ 1:86164 � 10�7, all indeed small and justifying
the assumption of negligible inertia and convective effects,

Figure 5. Iso-temperature lines for the temperature field around and inside the upper drop for various distances
between the drops: /2 5 1; j 5 1;LB 5 1.

Figure 6. The dependence of the velocity of the upper drop on the separation distance for different parameters of
the system.

(a) Various viscosity ratios, k; /2 ¼ 1; j ¼ 1; LB ¼ 1; (b) Various Thiele modulus values, /2; j ¼ 1; LB ¼ 1; k ¼ 1; (c) Various LB val-
ues, k ¼ 1; /2 ¼ 1; j ¼ 1. (d) Various thermal conductivity ratios, j; LB ¼ 1;/2 ¼ 1; k ¼ 1.
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and the parameters LB and /2 are LB ¼ 4:095 ; /2 ¼ 4:472.
These estimates show that the effect of the surface reaction
on the motion of the two drops is significant and that the
assumptions made in our model were physically sound.

The influence of the gravity field on the
motion of the drops

In this section we assess the mutual interaction of the ther-
mocapillary effect and a gravity field, when it is present, as
was reflected in Eq. 24.

The flow pattern with respect to various m values is pre-
sented in Figure 9. Figure 9a shows streamlines pattern when
two drops descend under the influence of gravity in the outer
fluid in the absence a surface reaction and the additional
effect of heat transfer (m 5 0). This case is well known and
was first presented by Haber et al.16 The two drops move
with a constant and equal velocity. Figure 9b depicts the
flow in the case when heat transfer due to an exothermic sur-
face reaction exists in the system (m [ 0). The drops attract
each other due to thermocapillary forces. Hence the migra-
tion velocity of the lower droplet decreases and that of the
upper droplet increases. Figure 9c presents the unique situa-
tion when droplet interaction induced by the thermocapillary
effect completely stops the motion of the lower droplet,
which becomes dynamically levitating in the surrounding
fluid. In this case the surface of this drop is also a stream
surface in the laboratory frame of reference. In the case
depicted in Figure 9d thermocapillary forces are stronger
than gravity and, while the motion of the upper drop is
greatly enhanced, the direction of the motion of the lower
one is reversed and it now moves upward, against the sedi-
mentation direction. This phenomenon suggests that the ther-
mocapillary effect induced by the surface reaction can
enhance or retard coalescence of two drops of equal or
unequal size, which would otherwise collide under gravity,
depending on whether the reaction is exothermic or endother-
mic, respectively.

Exothermic surface chemical reaction
of a surface-active substance

In the above sections we have discussed the thermocapil-
lary effect on the interaction of drops due to an exothermic

reaction, with the sole influence on the surface tension varia-
tion stemming from local temperature gradients. When the
reactant is also a surface-active substance, its local concen-
tration affects the interfacial tension as well. In this section
we consider the combined effect of the concentration of the
reacting species and the temperature that results from the sur-
face reaction. To elucidate these mutual effects they are pre-
sented in the absence of gravity though, in principle, this
additional effect can be added in a similar manner to that
described in the previous section.

When temperature and concentration variations are present
we assume that the dependence of surface tension on these
variations has the form of the bilinear expression

c ¼ 1þ @c
@T

ðT � 1Þ
� �

1þ @c
@C

ðC� 1Þ
� �

: (25)

Note that, since the temperature difference is always posi-
tive for an exothermic reaction and the concentration differ-
ence is negative everywhere, they have an opposing influence
on the surface tension and we can expect the velocity of
each drop to change direction under certain conditions. This
effect is evident in Figure 10 that shows the dependence of
the velocity of the drops on their separation distance and var-
iation of several physical parameters of the problem. It can
be seen that, in general, the velocity of the drops can vanish
at some separation distance and thus the drops may reverse
the direction of motion from attraction to repulsion and vice
versa.

It is useful to compare the plots of Figure 10 to those
depicted in Figure 6. While the motion demonstrated in Fig-
ure 6 reflects attraction only, in Figure 10 it is evident that
transition to repulsion depends on the combination of the
physical parameters. For example, while attraction was
strongest at low levels of the Thiele modulus when only ther-
mal effects were considered, when the effect is mutual to
temperature and concentration gradients, attraction is evident
at high moduli and the motion at low moduli becomes a re-
pulsive one. For low values of the Thiele modulus, the diffu-
sion rate is high relative to the reaction rate, the concentra-
tion on the surface is high and its influence on the surface
tension may become stronger than the influence of the tem-
perature. Hence, the velocity changes its sign (the drops
move in reversed directions in most of the separation). For

Figure 7. The dependence of the separation distance
at which the approach velocity is maximum
on the values of the different parameters of
the system.

For each curve, all fixed parameters equal unity.

Figure 8. Flow pattern (streamlines) generated by ther-
mocapillary driven interactions of equal
drops in the absence of gravity: d 5 0:5,
k 5 1, j 5 1, /2 5 1, LB 5 1.
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Figure 9. The influence of surface reaction on the flow in the case of two drops moving in a gravity field.

d ¼ 0:5, k ¼ 1, j ¼ 1, /2 ¼ 1, LB ¼ 1. (a) m 5 0 (no thermocapillary effect), V b0ð Þ ¼ 0:381176, V �b0ð Þ ¼ 0:381176; (b) m 5 20,
V b0ð Þ ¼ 0:499126, V �b0ð Þ ¼ 0:263226 (thermocapillary interaction accelerates the upper and impedes the lower one); (c) m 5 64.6255,
V �b0ð Þ ¼ 0:499126, V �b0ð Þ ¼ 0 (the lower drop levitates in the gravity field); (d) m 5 100, V �b0ð Þ ¼ 0:970928, V �b0ð Þ ¼ �0:208576 (the
lower droplet moves against gravity).

Figure 10. The influence of the separation distance on the velocity of the upper drop for various values of the dif-
ferent parameters of the system.
@c
@T ¼ �0:5, @c

@C ¼ �0:3725 (a) Various viscosity ratio values k; /2 ¼ 1; j ¼ 1; LB ¼ 1; (b) various Thiele modulus (/2) values;
j ¼ 1;LB ¼ 1; k ¼ 1, (c) various LB values, k ¼ 1; /2 ¼ 1; j ¼ 1, (d) various thermal conductivities ratios, j; LB ¼ 1; /2 ¼ 1; k ¼ 1.
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higher values of Thiele modulus, the diffusion rate becomes
smaller, the surface concentration and its gradient diminish
and the influence of the temperature resumes its supremacy.
At very high values of Thiele modulus (/2 � 10), the influ-
ence of the temperature is always dominant and the drops
move toward each other at all separation distances. Of
course, the relative influence of the temperature and the con-
centration depends on the values of the constants @c

@T and @c
@C.

Similar inversion of effects is evident for the parameter LB
that reflects the ratio between the rate of release of the
latent heat of reaction and the rate of heat transfer in the
domains by conduction. Note also that repulsion is predicted
for all examined viscosity ratios at large enough separation
distances.

The plane of the parameters @c
@C and @c

@T for which the veloc-
ity of the drops is zero is presented in Figure 11 for several
Thiele modulus values at given separation distance and vis-
cosity and conductivity ratios. The straight lines reflect, of
course, the choice of linear dependence of each effect (ther-
mal and concentration) as shown in (25). Furthermore, note
that for every other set of parameters, e.g. j, LB, k, etc., a
different set of lines is expected.

Flow pattern for the case of the combined effect of tem-
perature and concentration on the surface tension at a consid-
erable separation distance between levitating drops is pre-
sented in Figure 12. The separation distance between the
drops is 0.7 and the net velocity of the drop is zero.
Although the drop is motionless, the surface is not stationary
and stagnation rings, where separation of the streamlines
occurs, are evident on both side of the interface. Such pat-
terns illustrate that there are two opposing effects on the sur-
face and the net result depends on which effect dominates
the other. In this demonstration they are in equilibrium.

In Figures 13 the transition of motion from attraction to
repulsion due to the mutual effects of concentration and tem-
perature on the surface tension is demonstrated for droplets
in close proximity. In Figure 13a the drops move toward
each other since the dominant influence is that of the temper-
ature. On the other hand, in Figure 13b the influence of the
concentration begins to become significant, the motion of the
drops stops and the creation of stagnation points and separa-
tion of streamlines within the drops and in the outer fluid,

which indicates existence of opposing forces on the interface,
can be seen.

The analysis presented here does not predict whether the
equilibria that are obtained as a result of the mutual effect of
temperature and concentration on the surface tension are sta-
ble or not. Nevertheless, a qualitative examination of the sta-
bility of the stationary states depicted in Figure 10 is possi-
ble. Note that, in all cases shown in the figure that involve
transition, the droplets attract each other when they are at
very close proximity while as the separation distance
increases the motion is reversed from attraction to repulsion.
In all such cases it is clear that if two drops are in a motion-
less stationary position and a small perturbation from this
separation distance occurs, the departure from equilibrium
will ever increase. Hence, we can conclude that the equilib-
rium positions shown in this section are unstable to small
perturbations.

Conclusions

In this work we studied the spontaneous motion of two
drops suspended in an infinite homogeneous surfactant solu-
tion of immiscible viscous fluid when the surfactant under-
goes an exothermic chemical reaction on the surface of the
fluid particles. The heat of reaction results in elevation of
temperature on the drops’ interfaces. When another drop is
present in the vicinity, the concentration and temperature in
the gap region become different than those in the opposite
regions. The resulting inhomogeneous distributions of con-
centration and temperature on the drops’ interfaces result in
surface tension variations, which, in turn, induce Marangoni
type flow and migration of the fluid particles relative to each
other.

Figure 11. Phase plane of the parameters ›c
›C and ›c

›T in the
case of motionless drops for several Thiele
modulus values.

j ¼ 1; LB ¼ 1; k ¼ 1; d ¼ 1.

Figure 12. Flow pattern (streamlines) for the combined
effect of temperature and concentration on
the surface tension in the case of a motion-
less drop.

d ¼ 0:7, @c
@T ¼ �0:5, @c

@C ¼ �0:365, k ¼ 1, j ¼ 1, LB ¼ 1,
/2 ¼ 1.
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Three cases were considered:
� The chemical reaction, which takes place on the surface

of each drop, has a significant influence on the temperature
distribution, which derives the Marangoni flow, while the
effect of concentration variation is neglected.

In the absence of gravity force, the drops were found to
migrate towards each other at a velocity that depends on the sep-
aration distance and on the other parameters of the system.

� In the second part of the work we examined the simulta-
neous effect of thermocapillary force and gravity field. This
section suggests that the thermocapillary interaction of two
drops can strongly affect their motion in the gravity field. It
was shown that when the Marangoni effect is increased, the
velocity of the lower drop decreases while the velocity of the
upper drop increases. At some point the drop interaction
induced by the surface reaction can completely stop the grav-
itational migration of the lower droplet, which becomes levi-
tating in the surrounding fluid. Further increase in the effect
of the thermocapillary force results in a reversal of the direc-
tion of motion of the lower droplet, against the gravity force.

� The third part of the research considered the simultane-
ous effect of reactant concentration and reaction temperature
on the surface tension. It is predicted that, with respect to the
values of various parameters of the system, the velocity of
the drops change its sign at some separation distance and the
direction of the motion is reversed. At the point of zero ve-
locity of the drops they are motionless but the surfaces are
not stationary and stagnation points at which separation of
the streamlines occur are observed. These dynamic stationary
states, in which the thermocapillary force induced by interfa-
cial temperature variation exactly balances the similar force
created by surface concentration gradients, appear to be
unstable equilibria.
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Figure 13. Flow pattern (streamlines) of the upper drop for the combined effect of temperature and concentration
on the surface tension.

k ¼ 1, j ¼ 1, LB ¼ 1, /2 ¼ 1, d ¼ 0:1. (a) V 5 0.000935121, @c
@T ¼ �0:5, @c

@C ¼ �0:3725; (b) V 5 0; @c
@T ¼ �0:29, @c

@C ¼ �0:5.
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Appendix

The coefficients in Eq. 17 are:

en�1 ¼
n
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sinh n� 1
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b0
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The coefficients in Eqs. 18a,b are:

gn�1 ¼
1

sinhb0

n

2
exp � n� 1

2

� �
b0

� �
1þj

sinh n� 1
2

� �
b0

� �
cosh n� 1

2

� �
b0

� �
 !

gn0 ¼
coshb0
sinhb0

nþ 1

2

� �
� 1

2
þj

1

2
þ coshb0

sinhb0
nþ 1

2

� �
sinh nþ 1

2

� �
b0

� �
cosh nþ 1

2

� �
b0

� �
 !" #

exp � nþ 1

2

� �
b0

� �

gnþ1 ¼
1

sinhb0

nþ 1

2
exp � nþ 3

2

� �
b0

� �
1þj

sinh nþ 3
2

� �
b0

� �
cosh nþ 3

2

� �
b0

� �
 !

un ¼ LB
ffiffiffi
2

p
þ jffiffiffi

2
p þ j

coshb0
sinhb0

nþ 1

2

� � ffiffiffi
2

p sinh nþ 1
2

� �
b0

� �
cosh nþ 1

2

� �
b0

� �
" #

exp � nþ 1

2

� �
b0

� �

� j
sinh b0

exp � n� 1

2

� �
b0

� �
nffiffiffi
2

p sinh n� 1
2

� �
b0

� �
cosh n� 1

2

� �
b0

� �þ nþ 1ffiffiffi
2

p sinh nþ 3
2

� �
b0

� �
cosh nþ 3

2

� �
b0

� � exp �2b0ð Þ
" #

Manuscript received Apr. 27, 2007, and revision received Aug. 7, 2007.

2794 DOI 10.1002/aic Published on behalf of the AIChE November 2007 Vol. 53, No. 11 AIChE Journal


